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N-body problem and exact solutions of the OV model (2)
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Abstract

The optimal velocity (OV) model, which describes the dynamics of dissipative particles with

asymmetric interaction, controls the acceleration of each particle to adjust its velocity to the

optimal velocity according to the headway. In one-dimensional model, a traveling cluster can

be observed as a non-equilibrium steady state. This is characterized as a limit cycle in the

phase space of headway and velocity. We adopt the Heaviside function as the OV function, and

obtain exact solutions of traveling clusters. We investigate the properties of the dependence of

the number of particles N = 3,4,5,---

in such solutions.

1 ODoooooobod

oboboooooboooboooboooboooooo
gooooboooooboobooboooobo
oooOoOoOoOoopoooooovoooooooo
oboooboooboobooboobooboooDbn
oboooboooboooooboooboobooobn
oooooooboooooooooooboooo
OO0 NOOOOODOOOOooDOoOO 100000
O NOOOOOODOOOODODODODOOoODbObooo
obooooooooogoon
ooooooooooooooobooobobobooon
ooooooooooooDbOoOoObOOoNDDODDOD
oboooooooooboooboooobooobn
oooobooobooboobooobooooDbo

ooboooooboooboobooooooooon
gbgboobooboooobobooboabab
gbobooboboboobobonooobon
obooobooooboobooboooboooobooobn
ovooooooooooboooooooooboooo
gobobooobooboobobbobooboo

2 oviod

Oodooooooooooooooooooo
d0odUoooooooooooooouooooon
000oooooooooooooooo ovoo
ogoooo

dgxn_
2 O

dz,

{V(az,) - Ty, (1)



z, 0nO000000000AZ, =%p41 — 2, 00O
O00Oa(>0)0000 (sensitivity) 000000
gboobooooboboooboboobobon
O000V(Az)DOOOOOOOOvVOOOUOOO
0000000 Az00000D00C0OC0OO0ODOO
oopooovoooo Ax000000D0OCO0ODOO
oovooooOoooooopoooooooooo
oooobodoboobobooobooooobon
gogoooobbobbbbooooooogoooo
googobbobboooooboboobooo
oovoooooooooooooooooooo
ooooboboboooboboooboboobon
oooooboooooooooON =30000
gboogobooboobooobooboon

3 doooovoooooo

3.1 00

oVODOOODO0OO (Az<dDOO; V(Az) =00
Az >d000; V(AZ) = vme) 00000000
goooooDoovOOOoOoOoOoOoODoDDoDOoooO
0000000000000 00000D0O00O0O
0000000000000 0000000
N=30000000000000000000
000000 10000000

Tr
VBR

Ts
VRB VBR

Tr Ts

VRrRB VBR

Tr Ts

VRB VBR

to t1 ts ta ts to
-1 | Aasd | Axizd |
BT 2 | Me=d | Axed
T3 Axs=d | Axe<d |

B—R R—-B B—R R—-B B—R R—B B—R

01: 00000000 (N =3,L/N <d)

0000000 (Az<d,Az>d)0000000O0O
0000000 Tp(OOODODO Az<d,0000
00 Az >d)0 Tp(000000 Az<d, 0000
00 Az >d)0000000 Az <dO0O Az >d
O0oooooobooDvppeep00000000 vpgrd
goobodoooboogde.. 00000000000
gboboooooboooboobooooboooDbn
oboooboooooobooobooboobooobn
ooboboboooooobo0 r0 7:=Tr+ T8
ooooooobooooooooooooooo T

07T=30000000000000 Az<dO
00000 2Tg+Tg=7+Tg0Az >d0000
00 Tr+2Ts =7+ T 00000

@ d= Al’B_>R:
d= UB%(l —e ) +veT
® d=Azrg.p:

Umaxz — URB
d= UmazxT — (

a
@ L=x(T) —x(0) + 3v.T :
L = Vpae(T + TB) + 0.7

@UBR—)’URBDDDDD:
—a(7+Tr)

1—e )+ vt

URB = UBRE
@’UBR—)URBDDDDD:

(Umaw - URB>e_a(T+TB)

UBR = Umax —

32 L/N=d00O0O

000 L/N=d00000000000 N=3
O0Tr=Tp=7/20000000000000
0000000000000 1jooooooooo
ONODOOODOOODODDODOON =4,50000
oooobOoobooooboooon

vmafl‘
€T 41

Umax
|

1
d— §Umaz7—

URB =

UBR =

Ve =
T

ar(1+ e_%‘”) =2(1—e797)

gooobboooobOooooobooooooon

L/N=d0000000000000" self-dual”
0000 (d,*==)000000000000000

1.4 V= Vi)
1.0
09

07
056
05
0.4 ¢ ~

03 .

0.2 *ee..|* L/N=d
041
0.0 —

02 00000VOD0O00000000 (N=
3,L/N = d)

D000000Az<d000000 Az>d00000
gooooOo0oo 200000000000000O0DO0O0O0O
oooooo



33 L/N=d—e00OO

L/N#d000000300400000000
gooboooboboooboobobooobobon
D0000L/N =d4el dual'DO0D0 (d, L)
oooooobb0o0oooDooooooON =30
O0OOL/N =d (self-dual) 00 Tp = Tp = 7/2
D000selfdual 000000 T = (7 +1)/20
Tp=(r—t)/20000000N =30 L/N =d—e
doboboobooboobuoobooboboobtn e
goooooood

1.1 1 V= Vi)
1.0 1

08

0.7 1
06 1
05 1
0.4 1
03 1

21 S| T LN<d
01 A

0.0 - i
10 15 20 25 30

03 N=3,L/N<d

1.1
1.0
09 R SN
058 . v
07 / s
06
05 . .
0.4 4
03 “~/

02 L/N>d
0.1
0.0

ax

04 N=3,L/N>d

Umaa:(l - e%a‘ri%t)
VRB = 6
B (1 4 edom) (1 — edor) (6)
Umaz(]- - 67%QT+%)
= 7
PR (1 e 3omy(1 = e 3om) @)
d—lUmeT
vy = —2 f@) (8
T
ar(1+ e 297)(1 — e~ 307 —ar
Ure e ™) si—e) ()
1_ e 2% (e 2 4e2)
e? —e %

Umazx 2 —at
0000f(t) = MT@%”—e*%Tuie )yono

O00000@EO0O0000000e0t000O0OoQ

0ooo
3/(t)

2 T
t— 00 (6)0((MO@DMOIUIDTO0 (2)0(3)0
(4)0()0 N=30 self-dual DOOOODOOO

Umazt

3e = (10)

34 L/N=d+e000O

L/N=d+e00000000000000005
00000000000 TROT00rs005500. O
0000@D@EO00O000000000000000
D000000000000Az<dO0DO 2T+
T =7+Tr0Az >d0000 Tr+2T5 =7+Tx
O000OON=300000L/N=d—-e0000O
000000000000 00000000000O0
0D60000000000000 (Az <d,Az > d)
O0D000000000000000000D0D00
N=4,500000 L/N <dOL/N =ddL/N >d
0000000000000 0000000000
O000o0o0o0oOn

~ ~ ~ ~ ~

T T8 Tr T T« T

Ver Vee  Ver Ve Ver VRe Ve

to t 2 s te  ts te
el Aaxsd | Axzd [
W2 Ax2=d Axa<d
W3 Axs=d | Axs<d |

B—R R—-B B—~R R—-B B—R R—-B B—R

05 00000000 (N=3,L/N>d)

000000 Tg =1T5,Ts =T, 0000000
F=700{=—-000033000000000
O0¢t=—t00000

. Upaa(l— e%“_%{)
YRB = (1+ e%ar)(l _ egar)

- 'Umaa:(l - €%GT+%)
C (1+e39)(1 —e397)
= Umax — URB

'Umaac(l - e—%a‘r—&-%{)
(14 e 297)(1 — e~ 297)

3 at

Umaz(l - e_im—_7)
= 3 3

(14 e 3om)(1 - e~ Fo7)

(11)

UBR =

VBR (12)

—f(t)

= Umaxz —

~ d - %vmaxT
Ve = ———

(13)

T



ar00000000 (90000000¢0 00
000 (10)0000000(11)0 (12)000000
00000000 duality 000000

L/N<d L/N=d L/N>d
ke e s
Tr Te %R %B T Te
e o0 o o0 00 S0
i 0 3-0 a0 e td bdes
Tr Te 'FR :I:E ?R Ts
o -0 €00 TS
Tx Te T T Te T

06 N=345000000000000000
000 Az <dO0000 Az >d000000O0O
ooo

4 00 (v>3000)

000 N=3000000000000000
0000000000 NOODODOOG60 N=4,5
00000000000000000000000
007k Tp00000000000000(6)0(7)0
(8)0(9)00 30 NOOODODOOODOOOOOOO
000N »c00000000¢0000000
0000000000000 [2

URB = Umax (
UBR = 0 (15)
d— %UmazT
T

ar =2(1—e%7)

Ve =

ooboooboooooroobooobooNOO0ODO
0000000 L/NOODO NOODDOODOOOO
000 self-dual 000000000000 OO0OO
obooooooboooboobooooobooonbn
ooo

5 4UoO0

00000000000 NODOOODOOOOO
00000000000000000000000
0000000 OVOODOO0O0OONOODOOOO
000000000000000000000000
OvOoO0O0OO00000000 NO 3,4,5(L/N = d)0
N=3(L/N=d+e 0000000000000
000000000L/N=d+e00000000

v N LN

v o v o
1 1 1
10 10 10
03 03 03
08 08 08
07 07 07
05 05 05
05 05 05
04 04 04
03 03 03
02 01 02
01 o1 01

]
1 20 25 30 - 05 10 15 20 25 30 05 10 15 20 25 30 o

N=4DZED 7 T A Fffg DY) I v b A 70

v ue [L/NKd

v w v w [L/N>d
11 “ 11 1 »
10 10 10
08 03 08
08 08 08
07 07 o7
06 05 06
05 05 05
0t 04 01
03 03 03
02 02 02
01 01 01

2
15 20 25 30 05 10 15 20 25 30 05 10 15 20 25 30 X

N=SDEED 7 Z A Y FfRDY) I v MA 70

v o [LN=d)
11 1 1
10 10 10
09 08 09
08 08 08
07 07 07
05 06 [13
05 05 05
04 04 04
03 03 03
02 02 02
o1 01 01
a
1

15 20 25 30 % 05 10 15 20 25 30 °° 05 10 15 20 25 30

N=10DBED 7 5 A9 FfRD ) I b4 70

v w [N

L/N<d

M w v w [L/N>d
1 1 1 | .
10 10 10
o8 09 o8
o8 08 08
o7 07 o7
o 08 o
0s 05 0s
0t 04 0
03 03 03
02 02 02
o o o

15 20 25 30 % 05 10 15 20 25 30 05 10 15 20 25 30

N=30DIFED 7 Z A Y FifigD ) I v ML 71

07 0000O0VOOOOODOOOOO0O (N=
4,5,10,30)

O00000o0oDo0 v». 000 dualityDODODO
Ooo0o0o0oooooNO0ODOO NDOOODDO
oobooooobooooooooooobooobo
goooooOooooooovooooooooo
obooooboooboobooooooooobn
coooooovoooooDoooooooooo
oobooooobooobooboobooooobn
oooobooboooooooboooon

00000000000 0self-dual(L/N =d) 00
00 dual(L/N =d+e) 0000000000 NO
00000000000000000000000
00 00000000000

goog

(1] DDOODOO0COOOOooOoooovOooO NO
gbooooboboboboooobob p69

[2] Yuki Sugiyama and Hiroyasu Yamada," Sim-
ple and exactly solvable model for queue dy-
namics,” Phys. Rev. E55 7749(1997)



