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Rer:ently granular mat.eriλls have been st.n<lied exｭ
t.ensively. Unlike usu11.l solids, Ii<1ui<lsor 吾郎関. gr乱立11-

l<i.r m品t.erialお九re known to show fascinat.ing dynamiｭ

cal behavior・S [lj. SI尚昆s co即日ction [2]. si7,e 語egr昭ga­
t.ion [3], buhh!i時［4］司 stil.nding W町田 and lccali7,ed 
exc山tions [5,6] under vertirnl vibration and 11. fl.1ト
idi7,ed b相i due むoair injected inside a box containing 

gr品m出s [7,8]. 
Dyn11.mical behaviors of grains flowing through a 
vertical pipe which can be reg品rded as a one dimerト
sion乱l reali7,品t.ion of a fluidized bed is also a typiｭ

cal 官xampl官 of unusual features of granular motion 

[11 15]. Emerg号nee of density waves ( sl時宮ing) has 
been investigated by mo！告cular dyn制附s 問、 Stoke­
sian 匂namics sin叫ation [10］品M lattice句gas 品1ト
tomata (LGA) simulations [11,12］孔nd by the exper駒

山間ぬ nsin耳目and or gl出S beads in ねr [13.14] an 
met.11.llic spheres in liq1 
口gni7:令 that the emergen仁巴 ofdensity w＜もves i自 closely

r色i礼te《f to the formλtio口 οf traf五t jam符 inλhi巴·hway

[16]. ‘ 
Theor唱tic九l an九lysis t.o nn<lerst九nd J九m formations 

h剖 been focnsed for par明日ne dimenぉional c期制. Alｭ
thon耳h th。r旬 F弘re 乱 v九riety 口f mo<lel自剖1r:h 出 optim乱l 

vel <>c.ity mod呪ls [17 19］‘ tir肘 delayed

自1“ m口巾ls [7、8.21.22] t.o 巾scribe 古川h phenomenλ 
we believe t.hat. 孔 universal mathematic九i strnct.ure 
exists which is independent of the choice of modｭ
els behind these phenomena. From the 九nalysis for 
pure one dim日nsional models we h品.ve recognized as 

follows: (i) There is a neutral curve for the linear 
stability of a uniform flow. (ii) Near the ne1山品l

curvιall of models are reduced to the Kortweg deｭ

Veries (K<lV) equ且t.ion supplemented by dissipative 
corrections [8,22 24]. (iii) To describe jam forma町

tions, K<lV equation is in孔dequat.e bee孔u開 it.s soluｭ

tions are pulses. (iv) The jam formation is described 
hy 九R equation R.t. a critic孔l point on t.he nen tral 

cnrvP. where the quadratic term in KdV dis九ppears 
[18]. (v) We can obtain a steady propa宮山ng おoltト
ti on 昆nalytica.lly which h拙 asymmetric interfaceぉ to

t口nnect. f加lSe an<l dilnte regions [18,19]. (vi) Di開 t.o

t.he <lissipative correct.ions‘ t.hP. propagat.in日 velo仁it.y‘
the width of interfaces and the a.mpliれ1de h九ve been 
同lert.e<l. (vii) The scaled 孔nalyt.ic solnt.ion n問r th台

<:rit.icλl point i日 very precise ne乱r t.he 仁1・i ti仁λi point. 

wh灯台 its error is less t.han 1 % [10.25]. The qnant.it.恥
t.ive 九rn1rλ仁y of th。 λhove s tatP.men ts c九日 he che<:kt!d
from Fi~s.1λnd 2 [19]. Althong-h these are interest.ｭ
inp; I巳cent. pro郎、ess. wr. do not p11rs11r. t.he <enalysis 

for pm下 one dimern号ional model人 R令制lers f九n see 
snmmn.ry of these progress削 in Ref. [19.2G]. 
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FIG. 1. Theoretical 口問対日目tee 《：1U白vc （ぉolid line) 
IL Z 叫（ 1 ー（ h. - h,)2/A2) wh目《， A = 1.13663‘ 

h.. = 1.65343 出ul 11,. = l.G3866. 出td the ne1ト
tral curve ( l河口ken line) for t.hc model <lcscribed
hy "'I ・（ 2) with W(Iょ） = tanh(h - 2）十 tanh(2),

V(h.) = 1 + ( 1 -tanh （／ι － 2))/(1 + t.出1h(2））出Hl fn =:: 0. 
h. <lcnot<,,; the 礼veri<gc <list出Uχ、 hdw《ヲ《抽出！（叩附ivc 《 ars

The <l礼同 i倍。1吋出nc<I for miuimmu 出id maximum valn《出
。f 九 at 孔 giv<'nα ［ 19]

In r・eλlisticsituations. however ‘ e.宮・ highwayshave 
multi-lanes ‘ and vehicleR ( pλrticles) rnn p剖s slow 
vehicles (part ides ）明 When WP include mult.i-la.n君 ef­

fects in one dimension乳1 model丸 sep乱1・λtions betwεen 

jam and non” jam ph出es b台come ohscured. Howｭ
ever. ther唱 i行九not.her universal law in quasi oneｭ
dimensional syst.ems for di同ipative discrete element 

flows. i.e. a power law in power spectrum of dのnsity
an to楢correlation function of vehicles or particles. 

Power伺law form of the power spectrum P( f) ~ 
fサ司 where f is frequency. of density finctuations 
W拙孔i帥 found in l川h 削meric九l simnl品tio附［11] an 
ex 
on the ori宮in of the emer芭en仁e of den円ity wav台日乱re

different. estimated values of the exponent 日 iぉ close

t.o each other ( 1.3 く (I' く 1.5).

Alt.hough the p閃vi01 旬xperii問nt [13.14］町）Ol"t ( ~d e 

口＂＂＂ 1.5. おome of t.heir’ experiment孔l proce<lm噌内 seem
乱 Jit. t.l台九mI】l再nons: The volnme of air 自ow m1t of 

the bottom end of t.he pipe w柿 not. well controlled. 
B君おおiの丸 t.h巳 power 討pect.r九 they obtained were still 

ll口iぉy. Rec令凶y. Moriy似1111 et. 凡！. [27] have presented 
bet.t.eトcont.r口lied 11.ir flow out. of the pipe 九nd more 
九仁仁11rate 合xp匂riment.九i rcsnlt.討 t.hλll t.hεprevions ones 
by increasi時 the 山口1ber of trials [13 、 14]. One of 
their r台前tl t.ぉ i討 t.h 尽 j)l明c.iおれ e川！ Ill九t.ion of t.hr お仁aling

exp onの nt. of t.!tP. powP.r メpect1・ lllll I'(J) ~ f •. ThP. 
resnlt. l出内＝：＜ 1.33. Thiお代削1lt is i(lent.icλl t.o t.hnt. by 

-23-



LGA [11］.加d is f'.Xpect.ed to be .a universal law in 
quasi one dimensional dissipative 畳owRsuch a.'! traffic 
flows in 九 highway.

The purpose of t.his paper is to clarify the mech・

anism to appear 1-4/3 law in power spectra. We‘ 

thus. extend the one-dimensional model which can 
he solved without the noise to a stocha.'ltic mo<lel 
snpplemente<l by the white noise. We will <iemo1:l . 
st.r品t.e the sin 巾 model 陀prod cesα ＝ 4/3 ne品r
the neutral curve 白f the linear 完tability 礼11品lysis o f 
unif，οrm st.九teお. 
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FIG. 2. Theoretical cnrve (solid line）拙《l scaled data 

obtair削Ifrom our simulation for seal制irn. E制：hdata duｭ
notes （ιN) = (1/2,32),(1/4,64),(1/8,128),(1/16.256). 
where ξ = (1 - tL／α＜ )1/2. ’N .. •’ rep町田＜mts the data 
for N cars (p出＇tides). Theoretical cnrvc is givm1 hy 
R(z) = t.anh(eB+(z -z＋））司 l+t出血（eB_(z -z_)) with 
e = (&-r・） 112/16. 7• = 0.574189 ‘ 1:1+ = 1.2897187 国ul
(I_ = -0.3876814. where only z+ = 62.5 出11{ Z-: 100.5 
are fitting par!Uilcl.crs. Spatial sea.le is measnr問I hy the 
scale for N = 256.[10) 

Let ns introduce a one-<limensional mo<lel which 
reproducesα ＝ 4/3. The important mech晶nisms
for particle dynamics are the drag bet.ween the air 
and part.icle丸 and the relaxation process to an opｭ
tim品i velocity which may be the se<limentation r孔te
of particles. When the N part.ic加 are confined in a 
qua.'li-one dimension乱l container, the motion of parｭ
tides may be described by the following nonlinear 
equation: 

んι ＋〈［九一 W({r,.})]= TF({r,.}) + f,.(t )‘ (1) 

where Tn and ( are the relative distance between the 
n-th andπ ＋ 1-th particles, and the ftiction conｭ
st.ant. respectively. The collisional force F( { r71}) = 

伊’（rn+d ＋伊’（rπーi)- 2ψ’（ r n) comes from a soft core 
repulsive poten七ial 伊（ 7・，.）. The parameter T repreｭ
開nt.s the strength of repul日ion. The optimal velocity 

W（｛～｝）＝ U（~）－ U（：；ヰ旦ニヱ） is the linear 
combination of sedimentation rate U(r) which is t.he 
nonlinear fund.ion of the local volnn児 fraction [28] in 
再旬ner . The most crncial simplification of ( 1) is to 

乱おsmne that /,. is a Gausおiau white noise with 7.ero 
mean. It should be noticed that the drag ( is irrelｭ
evant. in syぉt.ems where the bottom end of the pipe 
is fully open. because air in the pipe flows away toｭ
get.her with particleぉ. Thus. to obser’ve density waves 
it l自 important to close the coc註 of the pipe. 
We 詫honld indicat.e similarity between our model 
and a model for tra銭c flows (19] 

九＝ α［W(rn+iJV(r,.) -W（～)V(r,._1 ）一九］＋ Jn・

(2) 

where W(x) and V~ ：r,) are respectively monot.onic 
increa.'le and decre拙in店 function of x. 
Lineari7.ing (1) around the uniform solution ~= 0 
where h = f，.三 N-1ε..r,.. we ob凶n

九十〈［九 － iU’九 sink]= 2Tψ吋cosk -1）九＋九（t ） ‘

(3) 

where the argument of U’ and tp" is h. 九回d fk(t) 
a.re respectively the Fourier tr組sfonuof lir10 = Tn -a 
and f,.(t). Equation (3) h耐 the solution 九（ t）こx

exp［σ土t) • where 
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R市＋］ represents the 耐evaut eigenvalue of the linｭ
ear problem. which bf'comes positive for 
U’(h)2 cos2(k/2）と T伊吋h).. Thus the most unstaｭ
hie wave number is k • O and the neutral curve is 
given by れ＝ U'2 ／ψ勺h). At T =Tc・（ 1 -1i) the 
expansion of σ＋ aronnd I.: = 0 is given by 

- - .. _2 

11+(k):::::: i[r.0k -~.i:3] + ~k2 一二Q_計十... (5) 
( 4( 

where r.o = U ’( h). Tlrns. for lι ＞ 0 the uniform state 
is 1111拘table due to the neg孔tive diffusion. 
Adopting U(r) = tanh(r -2) + tanh(2). <p(r) = 
sech2(r) . ( = 2. N = 256. Tr: = 3.95798 ・・・， 叩d
日＝ 2 at t = 0. we simnlat.e (1) by the cla.~sical 
Runge・Knttamethod until t = 211 with time interval 
C!.t = 1/24 under the periodic boundary condition. 
We use the uniform random umnber distributed beｭ
tween -X and X with X = D/1024 for fム（ t). Figure 
3 displays the power spectrum P(f) = ic(f)l2 obｭ
tained from our simulation of (1) at /t = 1/64. where 
c(f) is the Fourier 七r九nsfonn of the discretely sam・

1 ~「 1
pled d乱taof the density r.(t) ＝ー）:-with the 

N そプ九（t)
interval 1. This clearly supportぉ P(f ） ～ 1-4/3 a.'> in 
onr experiment .. It shonld be noticed th乳t the simulaｭ
tion of (2) also reproduces P(f) "" f司令／3 law. From 
the examinations of同veral valn冊。ffL. we have conｭ
firmed t.hat. the qualitative re同1lt信 are insensitive to 
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rhP- 時n of /L when !11,j < L This res山 is ri;川01ト
λhlf' h合仁川！ SP. llf'九r t.hP. neut.rat ィ：nr・ve the t.ime 町九le of 

rel日以ion 口r growth of find.nations is nmch longer 

than t.hf' time sc九le inn町市t by t.h呪 I間関 f，ι （ t). Om  

resnlt. 町民再開ts thぇt. the linear n!laxation th令口ry of 

fl 111.tnat.ions c孔n h令 \l開d t.o exp！礼in I'{ f) ~ 1-4/3 
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FIG ‘ 3. Log-log plot of power spcdrnm P( /) obtained 
from I.he simnlat.ion of ( 1)‘ whc>re the nnit of f 凶 1/(2π ）．

The soli cl linεrcp1・m尽nts fベ／3.

Thus. let. us briefly expl;i,in how to appear 1-4/3 

1孔w from t.he behavior of struct.m・e factor 

Sk(t) ＝工＜慌が：（ 8r,.(t
"‘m 

in weakly stable states守 M・ Jt く 0 an<i lit!< L The 
structure factor can be rewritt印 as

丸（ t) ＝五五叶やイ
where ゆnm(t) ＝く （ 8r,.(t) -8r，，ι （ 0) )2 >. For JL く o.
S k( t) can be calcn!ated as in the t剖e of l>olymer
dynamic日［29]. With th古 aid of the 日抑制on of 作、
( 1) is rεduced to 

。rr(z. ァ） -o;r(z‘ r) ＝ ε［θ？ー δ；Jr(z,r) ＋ご（ムアト

(8) 

3 2( 3 
.r ＝戸f)t. z = :;-dx+c0t ） ‘~（ z‘ァ）= e"tif,.(t) 

JCo 

with f == ~ h andβ ＝よ The solution 
~ J 、； c,

of (8) is 草川口 by 九（ア｝ '::: J,ア tis exp ［λdア－ s ）］ふ （ s).
whereλん＝＝ il.:3 -f.1.:2 ( 1 + 1.:2 ). Thus. we obt品in the 

仁orrelat.ion

くすた（ r)r ーん（ 0) >== D 2 exp ［λげ1 ・ (9) 
2tll.:2 ( 1 + /,; ) 

wher干 J i討 the 広yぉtern 引7.e. 札口《i we ns尽 く

判明7,(r1) ＞＝＝~／）Hp.oil（アー〆) 
The pr口R令dnre t.o ohtλin t.he st.rnctm噌 f札ctor i s 

I旧九1 i匂i to t.l削 for l叫oly1

t川ing (9) int口¢（ z. z ＇ 『 t) =< (r(z. t ）一 r(z1 ‘ t))2 > 
which i白 t.he rnnt.innons limit. of t.he scaled ゆ7ιm ‘ we

obtain 

ゆ （ z. z1 ‘ t)=2Dct ＋.！：.とち可ーよ？
2fl f言。 J.:2( 1 十 k2)

x {1♂ikz 一匂ib 12 + 2 一川ei!:(

1 12 

With the aid of ) ｷ ~ ~一一 l and 
会：；が（ l ＋が） 3 

ゎ 叫ん（ z ーど）｝ 12 
〉：つ うど一一 llz - z1j ‘ the first term 
会~） 1.:2( 1 + J.:2) 3 

。f ( 10) is red need to 

'L leikz ーがkz’ 12 ～
11 -z'Iｷ 

吋ll .2 ( 1 十 J.:2 ）一
(11) 

On the other han<l 司 t.he second term of (10) becomes 

5二イ！：（ zー’t 苫 cos （よ：（ z ーど）l 二一一（1 -e>-,.t.) = 2 I: 
刷J 1.:2(1 + J.:2)“=l k2(1 十 k2)

3 ぶ幻n［よ：（ z －ど）］ 3 
x {l 一仁川（がt)}+2>• つ ヲ sin(l.:°t). (12) 

己的1+ k2) 

Replar.ing t.l日剖llllllla ti 01l Z二l to the integral 
J;,x tik. and sn h凶t.nt.ing (10 ト（ 12) int.o (7 )‘ we olト
t.ain 

r1 町 内 Dk2 Dk2 噌同
Sdァ）－：：： / d:r,exp[-Dai.:2T 一 τ－w 一一一rlf3h(u ）］ 、

I I Zf. 7fε 

(13) 

(7) where w == lz -z1ト杭 Z XT一山‘九M t.he ar宮Ill
S ,, is replaceぐI by the sて：乱le《1 t.ime. DG is the diffusion 
constant fort.he gravitational center in (8）.札n<l h(u) 

1日

rx. c剖（Q叫）
判官l= I aQ[ , 。，，ヮ（1- cos(Q3)) 

ん Q2(1 + r3/3Q2) 

+ sin(Qn)sin(Q3) 1 

Q2(1 + t-2/3Q2)1' 
(14) 

wlH~re Q3 = h:3T. and w = j;; -z'J. Since h(u) conｭ
verg明 to h(O) ＝甘／f(1/3) as t.ime goes on ‘ we obt.孔in

f • Di.:2 、，h
S；，（ ァ）：：：：：－τほPl－－←一一r'I"J 

Dk- ' e.f(l/3) ' 
(15) 

in intenne<liate t.ime rangP.. In t.he limit. of 日IllλII r. 
Dl.:2 , 

Si, （ア） χ1 一一一ーァ 1.;271;3 ＋田・・ Thus it.ぉ Fo111、ier
d (1/3) 

t.ransform. whic.h is nothing but. t.hP. power 点pect.rnm

I'd f) == h (/ )i2 obeyメ
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九（ JJ ～ r ＇ぺ日＝ 4/3 （出 f →∞ト（lG)

wh灯台 irne was ma<le of j二 dTei21ffrlTll/3 川以
The 同lue 4/3 is identical t.o the one obtn.ine<l hy the 
問xper巳

Tim；；口nr mo<l令1 ( 1) repro<l nce詩印＝ 4/3. てfhi：号 i巳e烏11!t. 
;;honl<l b炉 v九Ii《t ev旬n when we st.a.rt fr、〈》Ill fl口i<l Ill白<leis 

[8.21 ）只i1
f令孔t.ur恒 neλr t.h台 neutr‘ n.! cnrve. It. shoul<l he note<l 
th孔t t.he a.ppearn.nce of this power四law form in the 

original mo<lel ( 1 ）日 only for f くく sincewe eliminn.t.e 

t.he fast. <leeλyin高 mo<leσ時 in our n.rn1.lysi払 This tenｭ

ぐiency is 九i問。b問rvP.<l as the higherイreq也ency en t.off 

in the expεrin 口t [27]. . 
Thus司 1-4!3 law is determine<l by short time bゃ
havior of the dyn品mies of density wave日 induced by 

t.he noi問、 which is essentially determin告d by the !inｭ

ear dispersion relationλk ～ ik3. 
In this paper we hav官 confirmed the universal law 

of 臼＝ 4/3 as the power-law exponent in the fr目←
quency spectrum of density correlation function from 

the simulation and the theory. We have 礼！so clarも

fied the mechanism to emerge 1-4/3 spectrum which 

is related to the critical slowin~ down of the density 

fi uctuations. It. should be noticed that th匂 contin・

nous increase 。f 印 in LGA [12] from 日話 O to 2 
with th日 I冷ar

and our picture 司 because the spectrum determined 

by th巳 noise in linearly sもable uniform stat.e far from 

the neutral cnrve should be whit.e （日＝ 0）品nd the 
e仔ectiveεxponent of the power-law becomes large 

when t.he exponential decay (i.e. 日＝ 2) in the o応

crit.ic九i region exi日除． Th er官 is, however‘ disc.r下p孔ncy

between our results with the one on the experiment 

in li即日市［15]. The 阿部on of this di箆erence ぉhould
be cl九rified in the futm官．
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